Suppose G is a finite abelian group and S is a sequence of elements in G. For any element g of G, let N g (S) denote the number of subsequences of S with sum g. The purpose of this paper is to investigate the lower bound for N g (S). In particular, we prove that either N g (S) = 0 or N g (S) ≥ 2 |S|−D(G)+1 , where D(G) is the smallest positive integer ℓ such that every sequence over G of length at least ℓ has a nonempty zero-sum subsequence. We also characterize the structures of the extremal sequences for which the equality holds for some groups. *
Introduction
Suppose G is a finite abelian group and S is a sequence over G. The enumeration of subsequences with certain prescribed properties is a classical topic in Combinatorial Number Theory going back to Erdős, Ginzburg and Ziv [6, 12, 13] who proved that 2n − 1 is the smallest integer such that every sequence S over a cyclic group C n has a subsequence of length n with zero-sum. This raises the problem of determining the smallest positive integer ℓ such that every sequence S of length at least ℓ has a nonempty zero-sum subsequence. Such an integer ℓ is called the Davenport constant [4] of G, denoted by D(G), which is still unknown in general.
For any g of G, let N g (S) denote the number of subsequences of S with sum g. In 1969, J. E. Olson [20] proved that N 0 (S) ≥ 2 |S|−D(G)+1 for every sequence S over G of length |S| ≥ D(G). Subsequently, several authors [1, 2, 3, 5, 7, 8, 10, 11, 14, 15, 16, 18] obtained a huge variety of results on the number of subsequences with prescribed properties. However, for any arbitrary g of G, the lower bound of N g (S) remains undetermined.
In this paper, we determine the best possible lower bound of N g (S) for an arbitrary g of G. We also characterize the structures of the extremal sequences which attain the lower bound for some groups.
Notation and lower bound
Our notation and terminology are consistent with [9] . We briefly gather some notions and fix the notation concerning sequences over abelian group. Let N and N 0 denote the sets of positive integers and non-negative integers, respectively. For integers a, b ∈ N 0 , we set [a, b] = {x ∈ N 0 : a ≤ x ≤ b}. Throughout, all abelian groups are written additively. For a positive integer n, let C n denote a cyclic group with n elements.
Suppose G is an additively written, finite abelian group and F (G) is the multiplicatively written, free abelian monoid with basis G. The elements of F (G) are called sequences over G. We write sequences S of F (G) in the form
We call υ g (S) the multiplicity of g in S, and we say that
for all g ∈ G. The unit element 1 ∈ F (G) is called the empty sequence, and it is a zerosum subsequence of any sequence S ∈ F (G). For sequences S 1 , S 2 , . . . , S n ∈ F (G), denote by gcd(S 1 , S 2 , . . . , S n ) the longest subsequence dividing all S i . If a sequence S ∈ F (G) is written in the form S = g 1 g 2 · · · g m , we tacitly assume that m ∈ N 0 and g 1 , g 2 , . . . , g m ∈ G. For a sequence S = g 1 g 2 · · · g m = g∈G g υg(S) , we call
For convenience, we set
The sequence S is called
• a zero-sum sequence if σ(S) = 0,
• a minimal zero-sum sequence if S = 1, σ(S) = 0, and every T |S with 1 ≤ |T | < |S| is zero-sum free.
For an element g of G, let
denote the number of subsequences T of S with sum σ(T ) = g, counted the multiplicity of their appearance in S. Notice that we always have N 0 (S) ≥ 1.
Theorem 1.
If S is a sequence over a finite abelian group G and g ∈ • (S), then
Proof. We shall prove the theorem by induction on m = |S|. The case of m ≤ D(G) − 1 is clear. We now consider the case of m ≥ D(G). Choose a subsequence T |S of minimum length with σ(T ) = g, and a nonempty zero-sum subsequence W |T (−(ST −1 )). By the minimality of |T |, W is not a subsequence of T , for otherwise T W −1 is a shorter subsequence of S with σ(T W −1 ) = g. Choose a term a|W but a ∤ T , and let X = gcd(W, T ). Then, −a|ST
. This completes the proof of the theorem.
Notice that the result in [20] that N 0 (S) ≥ 2 |S|−D(G)+1 for any sequence S over G, together with the following lemma, also gives Theorem 1.
Lemma 2. If S is a sequence over a finite abelian group G, then for any T |S with
1 (−X 2 ) for any X ∈ A, where X 1 = gcd(X, T ) and X 2 = gcd(X, ST −1 ). It is straightforward to check that ϕ is a bijection, which implies
We remark that the lower bound in Theorem 1 is best possible. For any g ∈ G and any m ≥ D(G) − 1, we construct the extremal sequence S ∈ F (G) of length m with respect to g as follows: Take a zero-sum free sequence U ∈ F (G) with
Proof. If there exists g such that
is a contradiction to Theorem 1 since h ∈
3 The structures of extremal sequences
In this section, we study sequence S for which N g (G) = 2 |S|−D(G)+1 . By Lemma 2, we need only pay attention to the case g = 0. Also, as N g (0S) = 2N g (S), it suffices to consider the case 0 ∤ S. For |S| ≥ D(G) − 1, define
Lemma 4. Suppose S is a sequence over a finite abelian group G with 0 ∤ S, |S| ≥ D(G) and 0 ∈ E(S). If a is a term of a zero-sum subsequence T of S, then 
Lemma 6. If S is a sequence over a finite abelian group G such that E(S) contains a non-trivial subgroup
Proof. Suppose H ∼ = C n 1 ⊕ C n 2 ⊕ · · · ⊕ C nr , where n 1 |n 2 | · · · |n r , and assume that S = g 1 g 2 · · · g m . Consider the canonical map ϕ : G → G/H and let ϕ(S) = ϕ(g 1 )ϕ(g 2 ) · · · ϕ(g m ) be a sequence over G/H. Then
Hence, n i = 2 for all i, which gives
Theorem 7. For n ≥ 3, if S ∈ F (C n ) with 0 ∤ S and N 0 (S) = 2 |S|−n+1 , then n − 1 ≤ |S| ≤ n and S = a |S| , where a generates C n .
Proof. Suppose S ∈ F (C n ) with 0 ∤ S and N 0 (S) = 2 |S|−n+1 . We first show by induction that
where a = C n . For |S| = n − 1, we have N 0 (S) = 1, i.e., S is a zero-sum free sequence, and (1) follows readily.
For |S| ≥ n, since N 0 (S) = 2 |S|−n+1 ≥ 2, S contains at least one nonempty zerosum subsequence T . Take an arbitrary term c from T . By Lemma 4, 0 ∈ E(Sc −1 ). It follows from the induction hypothesis that Sc −1 = a |S|−1 for some a generating C n . By the arbitrariness of c, we conclude that (1) holds.
To prove |S| ≤ n, we suppose to the contrary that |S| ≥ n + 1. By (1) and Lemma 4,  0 ∈ E(a n+1 ).
We see that N 0 (a n+1 ) ≥ 1 + n+1 n > 4, a contraction with (2).
Notice that Theorem 7 is not true for n = 2, since for any S ∈ F (C 2 ) with 0 ∤ S, we always have N 0 (S) = 2 |S|−2+1 .
While the structure of a sequence S over a general finite abelian group G with 0 ∤ S and N 0 (S) = 2 |S|−D(G)+1 is still not known, we have the following result for the case when |G| is odd. Proof. We shall prove the theorem by induction on |S|. If |S| = D(G), then N 0 (S) = 2 and so S contains exactly one nonempty zero-sum subsequence. For |S| ≥ D(G) + 1, if all minimal zero-sum subsequences of S are pairwise disjoint, then the conclusion follows readily. So we may assume that there exist two distinct minimal zero-sum subsequences T 1 and T 2 with gcd(T 1 , T 2 ) = 1. Take a term a|gcd(T 1 , T 2 ). By Lemma 4, 0 ∈ E(Sa −1 ) and so Sa −1 contains r = |S| −D(G) ≥ 1 pairwise disjoint minimal zero-sum subsequences T 3 , T 4 , . . . , T r+2 by the induction hypothesis.
We observe that no term b is contained in exactly one T i , where i ∈ [1, r + 2]. Otherwise, for any t ∈ [1, r+2], let b|T t and b ∤ T i , where i ∈ [1, r+2]\{t}, by Lemma 4, 0 ∈ E(Sb −1 ) and then Sb −1 contains exactly r minimal zero-sum subsequences, which is a contradiction. Choose a term c in T 1 but not in T 2 . By the above observation c is in another T i , say T r+2 and so not in any of T 3 , T 4 , . . . , T r+1 . Again Sc −1 contains exactly r disjoint minimal zero-sum subsequences, which are just T 2 , T 3 , . . . , T r+1 . If r ≥ 2, then there exists a minimal zero-sum subsequence say T r+1 , may only has common term with T 1 . By the observation, we can get T r+1 |T 1 , which is a contradiction to the minimality. Thus r = 1. Now we have N 0 (S)=4 and T 1 , T 2 , T 3 are the all minimal zero-sum subsequences of S. If there is some d|gcd(T 1 , T 2 , T 3 ), then Sd −1 contains no minimal zero-sum subsequence, which is impossible. Thus gcd(T 1 , T 2 , T 3 ) = 1 and σ(gcd(T 1 , T 2 )) = g = 0, where 2g = 0, contradicting that |G| is odd.
If we further assume that E(S) = {0} in Theorem 8, the structure of S can be further restricted.
Corollary 9.
If S is a sequence over a finite abelian group G of odd size with 0 ∤ S and E(S) = {0}, then S contains exactly r = |S| − D(G) + 1 minimal zerosum subsequences, all of which are pairwise disjoint, and nothing else, that is S = T 1 T 2 · · · T r .
Proof. By Theorem 8, S contains exactly r = |S| − D(G) + 1 minimal zero-sum subsequences, all of which are pairwise disjoint, that is S = T 1 T 2 · · · T r W . For any subsequence X of S with σ(X) = σ(W ), if W ∤ X, then SX −1 is a zero-sum subsequence containing terms in W , which is impossible. So W |X, and then σ(XW
The property that S contains exactly |S| − D(G) + 1 minimal zero-sum subsequences, all of which are pairwise disjoint, implies that |S| is bounded as in the case of Theorem 7 for cyclic groups.
Theorem 10. For any finite abelian group G ∼ = C n 1 ⊕C n 2 ⊕· · ·⊕C nr with n 1 |n 2 | · · · |n r , (i) implies the three equivalent statements (ii), (iii) and (iv). (ii) There is a natural number t = t(G) such that |S| ≤ t for every S ∈ F (G) with 0 ∤ S and
(iv) For any S ∈ F (G), E(S) contains no non-trivial subgroup of G.
Proof. (ii) ⇒ (iii). Assume to the contrary that D(G) = D(G/H)+1 for some subgroup H = {0, h} of G. Let ϕ : G → G/H be the canonical map, and m = D(G/H), we choose a sequence
is a minimal zero-sum sequence over G/H, and σ(S) = h in G. Since
and N 0 (S) and N h (S) are not zero, by theorem 1,
for all k, a contradiction to the assumption in (ii).
(iii) ⇒ (iv). Suppose to the contrary that there exists a sequence S ∈ F (G) such that E(S) contains a non-trivial subgroup H of G. By Lemma 6,
there exists a nonempty zero-sum subsequence T 1 of S and a term a 1 |T 1 . By Lemma 4, 0 ∈ E(S) ⊆ E(Sa
and so (k − 1)(−a 1 ) / ∈ E(S). This means
, a similar argument shows that there exists a nonempty zero-sum subsequence T 2 of Sa −1 1 and a term a 2 |T 2 , thus, E(Sa
2 ). We continue this process to get a 1 , a 2 , . . . , a |S|−D(G)+1 of S such that
Since |E(Sa 
Concluding remarks
We are interested in the structure of a sequence S over a finite abelian group G such that N 0 (S) = 2 |S|−D(G)+1 . Based on the experiences in Section 3, we have the following two conjectures. 
